
Practica 6
Derivadas parciales.
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Problema 1

En los siguientes casos calcule el gradiente de la 
función y haga un esbozo de las curvas de nivel, donde 

muestre el valor del Gradiente en el punto indicado

a)

b)

c)

Ejercicio 1

f(x, y) = y − x; (2, 1)

f(x, y) = ln
(
x2 + y2

)
; (1, 1)

f(x, y, z) = x2 + y2 − 2z2 + z ln(x); (1, 1, 1)
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a)

 Section 14.5 Directional Derivatives and Gradient Vectors 887

 8 sin 2 8  T has a maximum at (x y) ( 2 1);¹ ˆ ‰d T 5
dt 4tœ 5

4

œ ! œ ! Ê ß œ ! ß!
1

 8 sin 2 8  T has a minimum at (x y) (2 1)¹ ˆ ‰d T 7
dt 4tœ 7

4

œ ! œ Ê ß œ ß!
1

 (b) T xy 2  y and x so the extreme values occur at the four points found in part (a):œ ! Ê œ œ
` `

` `

T T
x y

 T(2 1) T( 2 1) 0, the maximum and T( 2 1) T(2 1) 4, the minimumß œ ! ß! œ ! ß œ ß! œ !

49. G(u x) g(t x) dt where u f(x)    g(u x)f (x) g (t x) dt; thusß œ ß œ Ê œ " œ ß " ß' '
a a

u u

x
dG G du G dx
dx u dx x dx

` `

` `

w

 F(x) t x  dt  F (x) x x (2x)  t x  dt 2x x x  dtœ " Ê œ " " " œ " "' ' '
0 0 0

x x xÈ ÈÉa b È% $ # $ % $ ) $w % `

` !x
3x

2 t xÈ

50. Using the result in Exercise 49, F(x) t x  dt  t x  dt  F (x)œ " œ ! " Ê' '
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1 xÈ È$ # $ # w
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14.5  DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS

 1. 1, 1  f ; f(2 1) 1` `

` `

f f
x yœ ! œ Ê œ ! " ß œ !™ i j

  1 y x is the level curveÊ ! œ !

 

 2.   ( ) 1; ` ` `

` ! ` ` !

f 2x f f
x x y x y x y

2y
œ Ê "ß " œ œ

  ( ) 1  f ; f(1 1) ln 2  ln 2Ê "ß " œ Ê œ " ß œ Ê
`

`

f
y ™ i j

 ln x y   2 x y  is the level curveœ " Ê œ "a b# # # #

 

 3. 2x  ( 1 0) 2; 1` ` `

` ` `

g g g
x x yœ ! Ê ! ß œ œ

  g 2 ; g( 1 0) 1Ê œ " ! ß œ !™ i j
  1 y x  is the level curveÊ ! œ !

#

 

 4. x  2 2; y` ` `

` ` `

g g g
x x yœ Ê ß " œ œ !Š ‹È È

  2 1  g 2 ;Ê ß" œ ! Ê œ !
`

`

g
y Š ‹È È

™ i j

 g 2   or 1 x y  is the levelŠ ‹È
ß " œ Ê œ ! œ !

" "

# # # #

# #x y

 curve  

 5. 2x   (1 1 1) 3; 2y  ( ) 2; 4z ln x  ( ) 4;` ` ` ` ` `

` ` ` ` ` `

f z f f f f f
x x x y y z zœ " Ê ß ß œ œ Ê "ß "ß " œ œ ! " Ê "ß "ß " œ !

 thus f 3 2 4™ œ " !i j k

f(x, y) = y − x; (2, 1)

z0 = f(2, 1) = −1

−1 = y − x Curvas de nivel

nivel
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1

y − x = −1

∇f = −i + j

(2, 1)
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(
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; (1, 1)
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 thus f 3 2 4™ œ " !i j k

6



Curvas de nivel nivel
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 8 sin 2 8  T has a maximum at (x y) ( 2 1);¹ ˆ ‰d T 5
dt 4tœ 5

4

œ ! œ ! Ê ß œ ! ß!
1

 8 sin 2 8  T has a minimum at (x y) (2 1)¹ ˆ ‰d T 7
dt 4tœ 7

4

œ ! œ Ê ß œ ß!
1

 (b) T xy 2  y and x so the extreme values occur at the four points found in part (a):œ ! Ê œ œ
` `

` `

T T
x y

 T(2 1) T( 2 1) 0, the maximum and T( 2 1) T(2 1) 4, the minimumß œ ! ß! œ ! ß œ ß! œ !

49. G(u x) g(t x) dt where u f(x)    g(u x)f (x) g (t x) dt; thusß œ ß œ Ê œ " œ ß " ß' '
a a

u u

x
dG G du G dx
dx u dx x dx

` `

` `

w

 F(x) t x  dt  F (x) x x (2x)  t x  dt 2x x x  dtœ " Ê œ " " " œ " "' ' '
0 0 0

x x xÈ ÈÉa b È% $ # $ % $ ) $w % `

` !x
3x

2 t xÈ

50. Using the result in Exercise 49, F(x) t x  dt  t x  dt  F (x)œ " œ ! " Ê' '
x 1

1 xÈ È$ # $ # w

 x x x  dtx x x t x  dtœ œ ! " "! " ! "’ “Éa b È È# # $ #
$ # `

`

# ' #

!

' '
1

x

x

1

x
x

t xÈ

14.5  DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS

 1. 1, 1  f ; f(2 1) 1` `

` `

f f
x yœ ! œ Ê œ ! " ß œ !™ i j

  1 y x is the level curveÊ ! œ !

 

 2.   ( ) 1; ` ` `

` ! ` ` !

f 2x f f
x x y x y x y

2y
œ Ê "ß " œ œ

  ( ) 1  f ; f(1 1) ln 2  ln 2Ê "ß " œ Ê œ " ß œ Ê
`

`

f
y ™ i j

 ln x y   2 x y  is the level curveœ " Ê œ "a b# # # #

 

 3. 2x  ( 1 0) 2; 1` ` `

` ` `

g g g
x x yœ ! Ê ! ß œ œ

  g 2 ; g( 1 0) 1Ê œ " ! ß œ !™ i j
  1 y x  is the level curveÊ ! œ !

#

 

 4. x  2 2; y` ` `

` ` `

g g g
x x yœ Ê ß " œ œ !Š ‹È È

  2 1  g 2 ;Ê ß" œ ! Ê œ !
`

`

g
y Š ‹È È

™ i j

 g 2   or 1 x y  is the levelŠ ‹È
ß " œ Ê œ ! œ !

" "

# # # #

# #x y

 curve  

 5. 2x   (1 1 1) 3; 2y  ( ) 2; 4z ln x  ( ) 4;` ` ` ` ` `

` ` ` ` ` `

f z f f f f f
x x x y y z zœ " Ê ß ß œ œ Ê "ß "ß " œ œ ! " Ê "ß "ß " œ !

 thus f 3 2 4™ œ " !i j k

z0 = f(1, 1) = ln(2)2 = x2 + y2

x

y

√
2

x2 + y2 = 2

∇f = i + j

(1, 1)

7



x

y

√
2

x2 + y2 = 2

∇f = i + j

(1, 1)

8



problema 2.

a)

b)

En cada caso hallar la derivada en el punto P y en la 
dirección A

Ejercicio 2

f(x, y) = 2xy − 3y2, P (5, 5), A = 4i + 3j

h(x, y, z) = cos(xy) + exy + ln(zx), P

(
1, 0,

1
2

)
, A = i + 2j + 2k

9



a)

∂f

∂x
= 2y ⇒ ∂f(5, 5)

∂x
= 10

∂f

∂y
= 2x− 6y ⇒ ∂f(5, 5)

∂y
= −20

f(x, y) = 2xy − 3y2, P (5, 5), A = 4i + 3j

Â =
A
|A| =

888 Chapter 14 Partial Derivatives

 6. 6xz   (1 ) ; 6yz  ( ) 6; 6z 3 x y` ` ` ` `

` ! ` # ` ` ` !

# # #f z f 11 f f f x
x x z 1 x y y z x z 1œ ! " Ê ß"ß " œ ! œ ! Ê "ß "ß " œ ! œ ! " "a b

  ( ) ; thus f 6Ê "ß "ß " œ œ ! ! "
` " "

` # # #

f 11
z ™ i j k

 7.   ( 1 2 2) ;   ( 1 2 2) ;` " ` ` " `

` ` ` `! ! ! !

f x f 26 f f 23
x x x 27 y y y 54x y z x y z

y
œ ! " Ê ! ß ß! œ ! œ ! " Ê ! ß ß! œ

a b a b

   ( 1 2 2) ; thus f` " `

` `! !

f z f 23 26 23 23
z z z 54 27 54 54x y z
œ ! " Ê ! ß ß! œ ! œ ! " !

a b
™ i j k

 8. e  cos z   1; e  cos z sin x  0 0 ;` ` ` `

` ` # ` ` #

! ! ""!

"

f f f f
x x 6 y y 6

x y x yy 1
1 x

3 3
œ " Ê !ß !ß œ " œ " Ê ß ß œÈ

È Èˆ ‰ ˆ ‰1 1

 e  sin z  ; thus f` ` " "

` ` # # # #

! !f f
z z 6

x y 3 2 3
œ ! Ê !ß !ß œ ! œ " !ˆ ‰ Š ‹1

™

È È
i j k

 9. ; f (x y) 2y  f (5 5) 10; f (x y) 2x 6y  f (5 5) 20u i jœ œ œ " ß œ Ê ß œ ß œ ! Ê ß œ !
v
v

i j
k k È

4 3
4 3

4 3
5 5 x x y y

!

!

  f 10 20   (D f) f 10 20 4Ê œ ! Ê œ œ ! œ !™ ™ †i j uu P
4 3
5 5

ˆ ‰ ˆ ‰

10. ; f (x y) 4x  f ( 1 1) 4; f (x y) 2y  f ( 1 1) 2u i jœ œ œ ! ß œ Ê ! ß œ ! ß œ Ê ! ß œ
v
v

i j
k k È

3 4
3 ( 4)

3 4
5 5 x x y y

"

! "

  f 4 2   (D f) f 4Ê œ ! " Ê œ œ ! ! œ !™ ™ †i j uu P
12 8
5 5

11. ; g (x y) 1   g (1 1) 3; g (x y)u i jœ œ œ " ß œ " " Ê ß œ ß
v
v

i j
k k È È

È12 5 y
12 5

12 5
13 13 xx x y

2y 3
2xy 4x y 1

!

! "

   g (1 1) 1  g 3   (D g) gœ ! " Ê ß œ ! Ê œ ! Ê œ œ ! œ
2y
x 13 13 13

2x 3
2xy 4x y 1 y P

36 5 31È
È "

™ ™ †i j uu

12. ; h (x y)   h (1 1) ;u i jœ œ œ ! ß œ " Ê ß œ
v
v

i j
k k È È È

Š ‹

ˆ ‰

ˆ ‰È

Ê Š ‹

3 2
3 ( 2)

3 2
13 13 x x1

3

1

"

! " !
"

"

#

y
x

y
x

y

x y
4

 h (x y)   h (1 1)   h   (D h) hy y P1

3

1

3 3 3 6
2 13 2 13

ß œ " Ê ß œ Ê œ " Ê œ œ !

ˆ ‰

ˆ ‰

ˆ ‰È

Ê Š ‹
È È

x
y
x

x

x y
4

!
"

# # #

"
™ ™ †i j uu

 œ !
3

2 13È

13. ; f (x y z) y z  f (1 1 2) 1; f (x y z) x zu i j kœ œ œ " ! ß ß œ " Ê ß! ß œ ß ß œ "
v
v

i j k
k k È

3 6
3 6 ( 2)

3 6 2
7 7 7 x x y

! " #

! ! "

  f (1 1 2) 3; f (x y z) y x  f (1 1 2) 0  f 3   (D f) f 3Ê ß! ß œ ß ß œ " Ê ß! ß œ Ê œ " Ê œ œ " œy z z P
3 18
7 7™ ™ †i j uu

14. ; f (x y z) 2x  f (1 1 1) 2; f (x y z) 4yu i j kœ œ œ " " ß ß œ Ê ß ß œ ß ß œ
v
v

i j k
k k È È È È

! !

! !1 1 1
1 1 1

3 3 3 x x y

  f (1 1 1) 4; f (x y z) 6z  f (1 1 1) 6  f 2 4 6   (D f) fÊ ß ß œ ß ß œ ! Ê ß ß œ ! Ê œ " ! Ê œy z z P™ ™ †i j k uu

 2 4 6 0œ " ! œŠ ‹ Š ‹ Š ‹" " "

È È È3 3 3

15. ; g (x y z) 3e  cos yz  g (0 0 0) 3; g (x y z) 3ze  sin yzu i j kœ œ œ " ! ß ß œ Ê ß ß œ ß ß œ !
v
v

i j k
k k È

2 2
2 1 ( 2)

2 1 2
3 3 3 x x y

x x! "

! ! "

  g (0 0 0) 0; g (x y z) 3ye  sin yz  g (0 0 0) 0  g 3   (D g) g 2Ê ß ß œ ß ß œ ! Ê ß ß œ Ê œ Ê œ œy z z P
x

™ ™ †i uu

16. ; h (x y z) y sin xy   h 1 0 1;u i j kœ œ œ " " ß ß œ ! " Ê ß ß œ
v
v

i j k
k k È

! !

! !

" "

#

2 2
1 2 2

1 2 2
3 3 3 xx x ˆ ‰

 h (x y z) x sin xy ze  h ; h (x y z) ye   h 2  h  2y y z z
yz yz

zß ß œ ! " Ê "ß !ß œ ß ß œ " Ê "ß !ß œ Ê œ " "ˆ ‰ ˆ ‰" " " " "

# # # #
™ i j k

  (D h) h 2Ê œ œ " " œu P 3 3 3
4

™ † u " "

17. f (2x y) (x 2y)   f( 1 1)   ; f increases™ ™œ " " " Ê ! ß œ ! " Ê œ œ œ ! "i j i j u i j™

™

f
f ( 1) 1 2 2k k È È È

" !

" !

" "i j

 most rapidly in the direction  and decreases most rapidly in the direction ;u i j u i jœ ! " ! œ !
" " " "

È È È È2 2 2 2

 (D f) f f 2 and (D f) 2u uP Pœ œ œ œ !™ † ™u k k È È
"

vector unitario

∇f · Â = 10
(

4
5

)
− 20

(
3
5

)
= −4

⇒ ∇f = 10i− 20j

10



Ejercicio 3.

Para las siguientes funciones halle la dirección de mas 
rápido crecimiento y decrecimiento, en el punto P:

f(x, y) = x2 + xy + y2, P (−1, 1)

f(x, y) = ln
(
x2 + y2 − 1

)
+ y + 6z, P (1, 1, 0)

a)

b)

11



Problema 3.

a)

En los siguientes casos, haga un esquema de: las 
curvas de nivel, el gradiente, y la recta tangente 
en el punto dado. Luego escriba la ecuación de la 

recta tangente.

b)

x2 + y2 = 4,
(√

2,
√

2
)

x2 − xy + y2 = 7, (−1, 2)

Ejercicio 4

12



a) x2 + y2 = 4,
(√

2,
√

2
)

 Section 14.5 Directional Derivatives and Gradient Vectors 889

18. f 2xy ye  sin y x xe  sin y e  cos y   f(1 0) 2   ; f increases most™ ™œ ! ! ! ! Ê ß œ Ê œ œa b a bxy xy xy f
fi j j u j# ™

™k k

 rapidly in the direction  and decreases most rapidly in the direction ; (D f) f fu j u j uœ " œ " œ œu P ™ † ™k k
 2 and (D f) 2œ œ "!u P

19. f z y   f(4 ) 5   ™ ™œ " ! " Ê ß"ß " œ " " Ê œ œ
" ! !

" ! " !y y f
x f 5

1 ( 5) ( 1)
i j k i j k uŠ ‹ ™

™k k È
i j k

 ; f increases most rapidly in the direction of  and decreasesœ " " œ " "
" " " "

3 3 3 3 3 3 3 3 3 3 3 3
5 5

È È È È È Èi j k u i j k

 most rapidly in the direction ; (D f) f f 3 3 and" œ " ! ! œ œ œu i j k u" "

3 3 3 3 3 3
5

PÈ È È u ™ † ™k k È

 (D f) 3 3!u P œ "
È

20. g e xe 2z   g 1 ln 2 2 2   ;™ ™œ ! ! Ê ß ß œ ! ! Ê œ œ œ ! !
y y g

g 3 3 3
2 2
2 2 1

2 2i j k i j k u i j kˆ ‰" "

#

" "

" "

™

™k k È
i j k

 g increases most rapidly in the direction  and decreases most rapidly in the directionu i j kœ ! !
2 2
3 3 3

"

 ; (D g) g g 3 and (D g) 3" œ " " " œ œ œ œ "u i j k u2 2
3 3 3 P P

"

!u u™ † ™k k

21. f   f( ) 2 2 2   ;™ ™œ ! ! ! ! ! Ê "ß "ß " œ ! ! Ê œ œ ! !ˆ ‰ ˆ ‰Š ‹" " " " " " " " "

x x y y z z f
f

3 3 3
i j k i j k u i j k™

™k k È È È

 f increases most rapidly in the direction and decreases most rapidly in the directionu i j kœ ! !
" " "

È È È3 3 3

 ; (D f) f f 2 3 and (D f) 2 3" œ " œ œ œ œ "u i j k u" " "

!È È È3 3 3 P P! ! ™ † ™u uk k È È

22. h 1 6  h( 0) 2 3 6   ™ ™œ ! ! ! Ê "ß "ß œ ! ! Ê œ œŠ ‹ Š ‹2x
x y 1 x y 1 h

2y 2 3 6h
2 3 6" ! " !

" "

" "

i j k i j k u ™

™k k È
i j k

 ; h increases most rapidly in the direction  and decreases most rapidly in theœ ! ! œ ! !
2 3 6 2 3 6
7 7 7 7 7 7i j k u i j k

 direction ; (D h) h h 7 and (D h) 7" œ " " " œ œ œ œ "u i j k u2 3 6
7 7 7 P Pu u™ † ™k k !

23. f 2x 2y   f 2 2 2 2 2 2™ ™œ ! Ê ß œ !i j i jŠ ‹È È È È

  Tangent line:  2 2 x 2 2 2 y 2 0Ê " ! " œ
È È È ÈŠ ‹ Š ‹

  2x 2y 4Ê ! œ
È È

 

24. f 2x   f 2 1 2 2™ ™œ " Ê ß œ "i j i jŠ ‹È È

  Tangent line:  2 2 x 2 (y 1) 0Ê " " " œ
È ÈŠ ‹

  y 2 2x 3Ê œ "
È

 

25. f y x   f(2 2) 2 2™ ™œ ! Ê ß" œ " !i j i j
  Tangent line:  2(x 2) 2(y 2) 0Ê " " ! ! œ

  y x 4Ê œ "

 

∇f
(√

2,
√

2
)

· v = 0

v =
(
x−

√
2
)

i +
(
y −

√
2
)

j
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18. f 2xy ye  sin y x xe  sin y e  cos y   f(1 0) 2   ; f increases most™ ™œ ! ! ! ! Ê ß œ Ê œ œa b a bxy xy xy f
fi j j u j# ™

™k k

 rapidly in the direction  and decreases most rapidly in the direction ; (D f) f fu j u j uœ " œ " œ œu P ™ † ™k k
 2 and (D f) 2œ œ "!u P

19. f z y   f(4 ) 5   ™ ™œ " ! " Ê ß"ß " œ " " Ê œ œ
" ! !

" ! " !y y f
x f 5

1 ( 5) ( 1)
i j k i j k uŠ ‹ ™

™k k È
i j k

 ; f increases most rapidly in the direction of  and decreasesœ " " œ " "
" " " "

3 3 3 3 3 3 3 3 3 3 3 3
5 5

È È È È È Èi j k u i j k

 most rapidly in the direction ; (D f) f f 3 3 and" œ " ! ! œ œ œu i j k u" "

3 3 3 3 3 3
5

PÈ È È u ™ † ™k k È

 (D f) 3 3!u P œ "
È

20. g e xe 2z   g 1 ln 2 2 2   ;™ ™œ ! ! Ê ß ß œ ! ! Ê œ œ œ ! !
y y g

g 3 3 3
2 2
2 2 1

2 2i j k i j k u i j kˆ ‰" "

#

" "

" "

™

™k k È
i j k

 g increases most rapidly in the direction  and decreases most rapidly in the directionu i j kœ ! !
2 2
3 3 3

"

 ; (D g) g g 3 and (D g) 3" œ " " " œ œ œ œ "u i j k u2 2
3 3 3 P P

"

!u u™ † ™k k

21. f   f( ) 2 2 2   ;™ ™œ ! ! ! ! ! Ê "ß "ß " œ ! ! Ê œ œ ! !ˆ ‰ ˆ ‰Š ‹" " " " " " " " "

x x y y z z f
f

3 3 3
i j k i j k u i j k™

™k k È È È

 f increases most rapidly in the direction and decreases most rapidly in the directionu i j kœ ! !
" " "

È È È3 3 3

 ; (D f) f f 2 3 and (D f) 2 3" œ " œ œ œ œ "u i j k u" " "

!È È È3 3 3 P P! ! ™ † ™u uk k È È

22. h 1 6  h( 0) 2 3 6   ™ ™œ ! ! ! Ê "ß "ß œ ! ! Ê œ œŠ ‹ Š ‹2x
x y 1 x y 1 h

2y 2 3 6h
2 3 6" ! " !

" "

" "

i j k i j k u ™

™k k È
i j k

 ; h increases most rapidly in the direction  and decreases most rapidly in theœ ! ! œ ! !
2 3 6 2 3 6
7 7 7 7 7 7i j k u i j k

 direction ; (D h) h h 7 and (D h) 7" œ " " " œ œ œ œ "u i j k u2 3 6
7 7 7 P Pu u™ † ™k k !

23. f 2x 2y   f 2 2 2 2 2 2™ ™œ ! Ê ß œ !i j i jŠ ‹È È È È

  Tangent line:  2 2 x 2 2 2 y 2 0Ê " ! " œ
È È È ÈŠ ‹ Š ‹

  2x 2y 4Ê ! œ
È È

 

24. f 2x   f 2 1 2 2™ ™œ " Ê ß œ "i j i jŠ ‹È È

  Tangent line:  2 2 x 2 (y 1) 0Ê " " " œ
È ÈŠ ‹

  y 2 2x 3Ê œ "
È

 

25. f y x   f(2 2) 2 2™ ™œ ! Ê ß" œ " !i j i j
  Tangent line:  2(x 2) 2(y 2) 0Ê " " ! ! œ

  y x 4Ê œ "
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x

y

2

2

(
√

2,
√

2)

y = −x + 2
√

2

x2 + y2 = 4
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18. f 2xy ye  sin y x xe  sin y e  cos y   f(1 0) 2   ; f increases most™ ™œ ! ! ! ! Ê ß œ Ê œ œa b a bxy xy xy f
fi j j u j# ™

™k k

 rapidly in the direction  and decreases most rapidly in the direction ; (D f) f fu j u j uœ " œ " œ œu P ™ † ™k k
 2 and (D f) 2œ œ "!u P

19. f z y   f(4 ) 5   ™ ™œ " ! " Ê ß"ß " œ " " Ê œ œ
" ! !

" ! " !y y f
x f 5

1 ( 5) ( 1)
i j k i j k uŠ ‹ ™

™k k È
i j k

 ; f increases most rapidly in the direction of  and decreasesœ " " œ " "
" " " "

3 3 3 3 3 3 3 3 3 3 3 3
5 5

È È È È È Èi j k u i j k

 most rapidly in the direction ; (D f) f f 3 3 and" œ " ! ! œ œ œu i j k u" "

3 3 3 3 3 3
5

PÈ È È u ™ † ™k k È

 (D f) 3 3!u P œ "
È

20. g e xe 2z   g 1 ln 2 2 2   ;™ ™œ ! ! Ê ß ß œ ! ! Ê œ œ œ ! !
y y g

g 3 3 3
2 2
2 2 1

2 2i j k i j k u i j kˆ ‰" "

#

" "

" "

™

™k k È
i j k

 g increases most rapidly in the direction  and decreases most rapidly in the directionu i j kœ ! !
2 2
3 3 3

"

 ; (D g) g g 3 and (D g) 3" œ " " " œ œ œ œ "u i j k u2 2
3 3 3 P P

"

!u u™ † ™k k

21. f   f( ) 2 2 2   ;™ ™œ ! ! ! ! ! Ê "ß "ß " œ ! ! Ê œ œ ! !ˆ ‰ ˆ ‰Š ‹" " " " " " " " "

x x y y z z f
f

3 3 3
i j k i j k u i j k™

™k k È È È

 f increases most rapidly in the direction and decreases most rapidly in the directionu i j kœ ! !
" " "

È È È3 3 3

 ; (D f) f f 2 3 and (D f) 2 3" œ " œ œ œ œ "u i j k u" " "

!È È È3 3 3 P P! ! ™ † ™u uk k È È

22. h 1 6  h( 0) 2 3 6   ™ ™œ ! ! ! Ê "ß "ß œ ! ! Ê œ œŠ ‹ Š ‹2x
x y 1 x y 1 h

2y 2 3 6h
2 3 6" ! " !

" "

" "

i j k i j k u ™

™k k È
i j k

 ; h increases most rapidly in the direction  and decreases most rapidly in theœ ! ! œ ! !
2 3 6 2 3 6
7 7 7 7 7 7i j k u i j k

 direction ; (D h) h h 7 and (D h) 7" œ " " " œ œ œ œ "u i j k u2 3 6
7 7 7 P Pu u™ † ™k k !

23. f 2x 2y   f 2 2 2 2 2 2™ ™œ ! Ê ß œ !i j i jŠ ‹È È È È

  Tangent line:  2 2 x 2 2 2 y 2 0Ê " ! " œ
È È È ÈŠ ‹ Š ‹

  2x 2y 4Ê ! œ
È È

 

24. f 2x   f 2 1 2 2™ ™œ " Ê ß œ "i j i jŠ ‹È È

  Tangent line:  2 2 x 2 (y 1) 0Ê " " " œ
È ÈŠ ‹

  y 2 2x 3Ê œ "
È

 

25. f y x   f(2 2) 2 2™ ™œ ! Ê ß" œ " !i j i j
  Tangent line:  2(x 2) 2(y 2) 0Ê " " ! ! œ

  y x 4Ê œ "
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Ejercicio 5.

¿en que dirección es la derivada de

f(x, y) = xy + y2, en P (3, 2)

igual a cero?

v =
7√
53

i− 2√
53

j

−v = − 7√
53

i +
2√
53

j

r)

15



Ejercicio 6.

Dada una constante k y los gradientes

∇f =
∂f

∂x
i +

∂f

∂y
j +

∂f

∂z
k ∇g =

∂g

∂x
i +

∂g

∂y
j +

∂g

∂z
ky

Demuestre:

a) b)

c)

∇(k f) = k∇ f ∇(f g) = g∇ f + f ∇ g

∇
(

f

g

)
=

g∇ f − f ∇ g

g2

16



Calcule: la ecuación del plano tangente y la linea 
perpendicular a este plano para cada función en 

el punto indicado.

Problema 4.

x2 + y2 + z2 = 3, P0(1, 1, 1)

cos(πx)− x2y + exz + yz = 4, P0(0, 1, 2)

a)

b)

Ejercicio 7

17



x2 + y2 + z2 = 3, P0(1, 1, 1)a)
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 (d) (fg) g f g f g f™ œ ! ! œ ! ! ! ! !
` ` ` ` ` `

` ` ` ` ` ` ` ` `

` ` `(fg) (fg) (fg) g g g
x y z x x y y z z

f f fi j k i j kŠ ‹ Š ‹ Š ‹

 g f g f g fœ ! ! ! ! !ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹ Š ‹` ` `

` ` ` ` ` `

` ` `f f f
x x y y z z

g g gi i j j k k

 f g f g g fœ ! ! ! ! ! œ !Š ‹ Š ‹` ` `

` ` ` ` ` `

` ` `g g g
x y z x y z

f f fi j k i j k ™ ™

 (e) ™ Š ‹ Š ‹ Š ‹Œ "f
g x y z g g g

g f g fg f
œ ! ! œ ! !

` ` `

` ` `
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14.6  TANTGENT PLANES AND DIFFERENTIALS

 1. (a) f 2x 2y 2z   f(1 1 1) 2 2 2   Tangent plane:  2(x 1) 2(y 1) 2(z 1) 0™ ™œ ! ! Ê ß ß œ ! ! Ê " ! " ! " œi j k i j k
  x y z 3;Ê ! ! œ

 (b) Normal line:  x 1 2t, y 1 2t, z 1 2tœ ! œ ! œ !

 2. (a) f 2x 2y 2z   f(3 5 4) 6 10 8 Tangent plane:  6(x 3) 10(y 5) 8(z 4) 0™ ™œ ! " Ê ß ß" œ ! ! Ê " ! " ! ! œi j k i j k
  3x 5y 4z 18;Ê ! ! œ

 (b) Normal line:  x 3 6t, y 5 10t, z 4 8tœ ! œ ! œ " !

 3. (a) f 2x 2   f(2 0 2) 4 2 Tangent plane:  4(x 2) 2(z 2) 0™ ™œ " ! Ê ß ß œ " ! Ê " " ! " œi k i k
  4x 2z 4 0  2x z 2 0;Ê " ! ! œ Ê " ! ! œ

 (b) Normal line:  x 2 4t, y 0, z 2 2tœ " œ œ !

 4. (a) f (2x 2y) (2x 2y) 2z  f(1 1 3) 4 6   Tangent plane:  4(y 1) 6(z 3) 0™ ™œ ! ! " ! Ê ß" ß œ ! Ê ! ! " œi j k j k
  2y 3z 7;Ê ! œ

 (b) Normal line:  x 1, y 1 4t, z 3 6tœ œ " ! œ !

 5. (a) f  sin x 2xy ze x z xe y  f(0 1 2) 2 2   Tangent plane:™ ™œ " " ! ! " ! ! ! Ê ß ß œ ! ! Êa b a b a b1 1
xz xzi j k i j k#

 2(x 0) 2(y 1) 1(z 2) 0 2x 2y z 4 0;" ! " ! " œ Ê ! ! " œ

 (b) Normal line:  x 2t, y 1 2t, z 2 tœ œ ! œ !

 6. (a) f (2x y) (x 2y) f(1 1 1) 3 Tangent plane:™ ™œ " " ! " Ê ß ß" œ " " Êi j k i j k
 1(x 1) 3(y 1) 1(z 1) 0 x 3y z 1;" " " " ! œ Ê " " œ "

 (b) Normal line:  x 1 t, y 1 3t, z 1 tœ ! œ " œ " "

 7. (a) f  for all points  f(0 1 0)   Tangent plane:  1(x 0) 1(y 1) 1(z 0) 0™ ™œ ! ! Ê ß ß œ ! ! Ê " ! " ! " œi j k i j k
  x y z 1 0;Ê ! ! " œ

 (b) Normal line:  x t, y 1 t, z tœ œ ! œ

 8. (a) f (2x 2y 1) (2y 2x 3)   f(2 3 18) 9 7   Tangent plane:™ ™œ " " ! " ! " Ê ß" ß œ " " Êi j k i j k
 9(x 2) 7(y 3) 1(z 18) 0  9x 7y z 21;" " ! " " œ Ê " " œ

 (b) Normal line:  x 2 9t, y 3 7t, z 18 tœ ! œ " " œ "

 9. z f(x y) ln x y   f (x y)  and f (x y)   f (1 0) 2 and f (1 0) 0  fromœ ß œ ! Ê ß œ ß œ Ê ß œ ß œ Êa b# #

" "
x y x y

2x
x y x y

2y

 Eq. (4) the tangent plane at (1 0 0) is 2(x 1) z 0 or 2x z 2 0ß ß " " œ " " œ

Vector 
perpendicular al 

gradiente
(x− 1, y − 1, z − 1)

Ecuación del plano 
tangente

∇f(1, 1, 1) · (x− 1, y − 1, z − 1) = 0
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14.6  TANTGENT PLANES AND DIFFERENTIALS

 1. (a) f 2x 2y 2z   f(1 1 1) 2 2 2   Tangent plane:  2(x 1) 2(y 1) 2(z 1) 0™ ™œ ! ! Ê ß ß œ ! ! Ê " ! " ! " œi j k i j k
  x y z 3;Ê ! ! œ

 (b) Normal line:  x 1 2t, y 1 2t, z 1 2tœ ! œ ! œ !

 2. (a) f 2x 2y 2z   f(3 5 4) 6 10 8 Tangent plane:  6(x 3) 10(y 5) 8(z 4) 0™ ™œ ! " Ê ß ß" œ ! ! Ê " ! " ! ! œi j k i j k
  3x 5y 4z 18;Ê ! ! œ

 (b) Normal line:  x 3 6t, y 5 10t, z 4 8tœ ! œ ! œ " !

 3. (a) f 2x 2   f(2 0 2) 4 2 Tangent plane:  4(x 2) 2(z 2) 0™ ™œ " ! Ê ß ß œ " ! Ê " " ! " œi k i k
  4x 2z 4 0  2x z 2 0;Ê " ! ! œ Ê " ! ! œ

 (b) Normal line:  x 2 4t, y 0, z 2 2tœ " œ œ !

 4. (a) f (2x 2y) (2x 2y) 2z  f(1 1 3) 4 6   Tangent plane:  4(y 1) 6(z 3) 0™ ™œ ! ! " ! Ê ß" ß œ ! Ê ! ! " œi j k j k
  2y 3z 7;Ê ! œ

 (b) Normal line:  x 1, y 1 4t, z 3 6tœ œ " ! œ !

 5. (a) f  sin x 2xy ze x z xe y  f(0 1 2) 2 2   Tangent plane:™ ™œ " " ! ! " ! ! ! Ê ß ß œ ! ! Êa b a b a b1 1
xz xzi j k i j k#

 2(x 0) 2(y 1) 1(z 2) 0 2x 2y z 4 0;" ! " ! " œ Ê ! ! " œ

 (b) Normal line:  x 2t, y 1 2t, z 2 tœ œ ! œ !

 6. (a) f (2x y) (x 2y) f(1 1 1) 3 Tangent plane:™ ™œ " " ! " Ê ß ß" œ " " Êi j k i j k
 1(x 1) 3(y 1) 1(z 1) 0 x 3y z 1;" " " " ! œ Ê " " œ "

 (b) Normal line:  x 1 t, y 1 3t, z 1 tœ ! œ " œ " "

 7. (a) f  for all points  f(0 1 0)   Tangent plane:  1(x 0) 1(y 1) 1(z 0) 0™ ™œ ! ! Ê ß ß œ ! ! Ê " ! " ! " œi j k i j k
  x y z 1 0;Ê ! ! " œ

 (b) Normal line:  x t, y 1 t, z tœ œ ! œ

 8. (a) f (2x 2y 1) (2y 2x 3)   f(2 3 18) 9 7   Tangent plane:™ ™œ " " ! " ! " Ê ß" ß œ " " Êi j k i j k
 9(x 2) 7(y 3) 1(z 18) 0  9x 7y z 21;" " ! " " œ Ê " " œ

 (b) Normal line:  x 2 9t, y 3 7t, z 18 tœ ! œ " " œ "

 9. z f(x y) ln x y   f (x y)  and f (x y)   f (1 0) 2 and f (1 0) 0  fromœ ß œ ! Ê ß œ ß œ Ê ß œ ß œ Êa b# #

" "
x y x y

2x
x y x y

2y

 Eq. (4) the tangent plane at (1 0 0) is 2(x 1) z 0 or 2x z 2 0ß ß " " œ " " œ

⇒ x + y + z = 3
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Linea perpendicular:
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14.6  TANTGENT PLANES AND DIFFERENTIALS

 1. (a) f 2x 2y 2z   f(1 1 1) 2 2 2   Tangent plane:  2(x 1) 2(y 1) 2(z 1) 0™ ™œ ! ! Ê ß ß œ ! ! Ê " ! " ! " œi j k i j k
  x y z 3;Ê ! ! œ

 (b) Normal line:  x 1 2t, y 1 2t, z 1 2tœ ! œ ! œ !

 2. (a) f 2x 2y 2z   f(3 5 4) 6 10 8 Tangent plane:  6(x 3) 10(y 5) 8(z 4) 0™ ™œ ! " Ê ß ß" œ ! ! Ê " ! " ! ! œi j k i j k
  3x 5y 4z 18;Ê ! ! œ

 (b) Normal line:  x 3 6t, y 5 10t, z 4 8tœ ! œ ! œ " !

 3. (a) f 2x 2   f(2 0 2) 4 2 Tangent plane:  4(x 2) 2(z 2) 0™ ™œ " ! Ê ß ß œ " ! Ê " " ! " œi k i k
  4x 2z 4 0  2x z 2 0;Ê " ! ! œ Ê " ! ! œ

 (b) Normal line:  x 2 4t, y 0, z 2 2tœ " œ œ !

 4. (a) f (2x 2y) (2x 2y) 2z  f(1 1 3) 4 6   Tangent plane:  4(y 1) 6(z 3) 0™ ™œ ! ! " ! Ê ß" ß œ ! Ê ! ! " œi j k j k
  2y 3z 7;Ê ! œ

 (b) Normal line:  x 1, y 1 4t, z 3 6tœ œ " ! œ !

 5. (a) f  sin x 2xy ze x z xe y  f(0 1 2) 2 2   Tangent plane:™ ™œ " " ! ! " ! ! ! Ê ß ß œ ! ! Êa b a b a b1 1
xz xzi j k i j k#

 2(x 0) 2(y 1) 1(z 2) 0 2x 2y z 4 0;" ! " ! " œ Ê ! ! " œ

 (b) Normal line:  x 2t, y 1 2t, z 2 tœ œ ! œ !

 6. (a) f (2x y) (x 2y) f(1 1 1) 3 Tangent plane:™ ™œ " " ! " Ê ß ß" œ " " Êi j k i j k
 1(x 1) 3(y 1) 1(z 1) 0 x 3y z 1;" " " " ! œ Ê " " œ "

 (b) Normal line:  x 1 t, y 1 3t, z 1 tœ ! œ " œ " "

 7. (a) f  for all points  f(0 1 0)   Tangent plane:  1(x 0) 1(y 1) 1(z 0) 0™ ™œ ! ! Ê ß ß œ ! ! Ê " ! " ! " œi j k i j k
  x y z 1 0;Ê ! ! " œ

 (b) Normal line:  x t, y 1 t, z tœ œ ! œ

 8. (a) f (2x 2y 1) (2y 2x 3)   f(2 3 18) 9 7   Tangent plane:™ ™œ " " ! " ! " Ê ß" ß œ " " Êi j k i j k
 9(x 2) 7(y 3) 1(z 18) 0  9x 7y z 21;" " ! " " œ Ê " " œ

 (b) Normal line:  x 2 9t, y 3 7t, z 18 tœ ! œ " " œ "

 9. z f(x y) ln x y   f (x y)  and f (x y)   f (1 0) 2 and f (1 0) 0  fromœ ß œ ! Ê ß œ ß œ Ê ß œ ß œ Êa b# #

" "
x y x y

2x
x y x y

2y

 Eq. (4) the tangent plane at (1 0 0) is 2(x 1) z 0 or 2x z 2 0ß ß " " œ " " œ

(1 + 2t, 1 + 2t, 1 + 2t)
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